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Time-dependent Schrddinger Equation and DFT

The time-dependent many-electron Schrodinger equation is

oW (r,ro,...1 i -
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There is no easy, straightforward analogue to the stationary stateariation
principle that leads to the TDSE. There is a stationargaction principle, but in its
basic form, it turns out to lead to a logical contradiction for TDDFT. The
resolution of that requires sophisticated technique. Thug is not easy to imagine
proving time-dependent analogues to HK-I, -1l by some versionf Levy-Lieb

constrained search. Remark: there are time-dependent variation principkes, but such
formulations have not played a significant role irmainstream TDDFT.)
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Rudiments of the Runge-Gross Theorem Proof

* Instead of a constrained search, the Runge-Gross theorgamys. Rev. Lett. 52997
(1984)]proves the bijective mappingv,,(r,t) « n(r,t)

« Compared to stationary state DFT, the proof of the Runge-GrosBheorem is
dependent on rather detailed arguments. Here, thereforés a sketch. As usual,
one direction of the invertibility, from vto n, is obvious.

A. Assume two external potentials that differ by more thara purely time-
dependent function Va(r,t)=vy(r,t)=f¢,t)z f(t)

B. Assume that each external potential has a w-behaved Taylor series expansio
in time |

- 1o'v(r,t)
= ot

(t _to)j

t=t,

v, (r,t) =

C. Assume that the initial state is specified with givemitial density (here chosen to
be a ground state).

Lp(rl,l'z,... ,I'Ne ’tO) - LIJOG-]_IZ,---I Ne)’ n(r ’to) — nO(r)
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Rudiments of the Runge-Gross Theorem Proof (cont'd

 Part (1) of the proof — Demonstrate that the current densigs corresponding to
the two potentials differ N
)=

%Z[Djé'(r + )+X + )0)]

L, ED=@wOIC)we)
A t>1) 7 o€ t>1)

 Part (2) of the proof — Use the equation of continuity to relad the time-dependent
currents to the time-dependent densities. on, (1 .t)
———==-0j,¢t); (=AB

ot
(Use the divergence theorem to show that a critical surfagetegral vanishes for all
physically reasonable densities.) Since the current dsities differ, one can prove
that the charge densities must also.

« Therefore the Runge-Gross result: v (r,t) = v, [n; LIJO] r.t); t=t,
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Rudiments of the Runge-Gross Theorem — PictorialgResentation

&

V1

n(t)

Y2

=

.l.

 Start at a known state, with a known density. Two time-degndent potentials that
differ by more than a pure function of time generate two dferent densities for all

t> 1,

Credit: R van Leeuwen
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Implications of the Runge-Gross Theorem

» The external potential is a rather different object from that found in the
stationary state case. It depends on both the history oféhdensity and the initial

state.
Voo (1 1) =V [MWo] 0, 1); t=t,
* |[F part of the knowledge of the history is that the initialstate is known to be non-
degenerate, then by appeal to stationary state DFT, one can shgat
Vext(r ’t) = Vext [n] (r 1t)’ t= tO

» By doing the Runge-Grossinvertibility argument with explicit spin labels, one
can get a spin-polarized TDDFT with

Vou (F1) = Vo | Ny g Wi | (,1)5 t2t,

* The Runge-Gross argument does not depend upon the presemeebsence of the
electron-electron Coulomb interaction,V,,.

* Therefore a time-dependent KS scheme seems feasible.

Credit: K. Burke
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Time-dependent Kohn-Sham Equation

» Because there is no universal functional in the R-G proof ahogous with HK-II,
we cannot go through a time-dependent analogue of the KS rearrangent.
Instead, weassumenon-interacting v-representability for all times for the density
and apply the R-G theorem to the non-interacting systemThe result is TD-KS:

v, (r,t) o n(,t)
n(nt)ziw,-(r Of

6
¢’ =[-0% +v[ri(r, 9] ¢,

wIl() = v+ [d JuGE t)l v )
Vv, Is definedto be the object needed to make these equatlons work. No

independent information is provided about its properties otbehavior, In

particular, introducing the K-S system on the basis of thenvertible mapping

provides no information about functional derivatives. Specificdl, one wouldlike

to know that v, is the functional derivative of a QM action. The obvious answer

to that is wrong; see below.
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Extended Runge-Gross Theorem

R. van LeeuwenPhys. Rev. Lett. 82, 3863 (1999); Internat. J. MacPhys. B 15, 1969 (2001f)as
given an extension of the R-G theorem which can be summaraas follows.

» Consider two systemsA,B, with differing two-body interactions and with
differing external potentials.

» Require that at t,they have the same density and the same first derivative thi
respect to time of the density

(k) =N, 1) 2D

ot

_ong(r,t)
ot

ty to

* Then continuity arguments lead to a prescription for constreting all the time
derivatives of the external potential of system B being iadical with those of
system A
GRVN(Y
ot’

05 t)
ot

t=t, t=t,

 If system A is the physical system and B is the KohB8ham system, then this
procedure, at least in principle, is a constructive approacho the KS potential.
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TD-KS Potential as Functional Derivative of Someliy

* The obvious way to get to a functional analogous with the Levy-LieB[n] in time-
independent DFT would be via what is called a guantum-meemical action:

t 0 ~
=| dt'(¢|i——H(t
Al = [ d (i =HO) o)
« Making this stationary with respect to variations in ¢ leads, under suitable
conditions, to the time-dependent Schrodinger equation.
A straightforward generalization of the time-independent appoach then would

be to assume t .0 .~
Aln| ='[to dt’ (@ [n]|i P ~H(t)|¢[n])
and attempt to prove that JA[n] _ v (r 1)

on(r,t)

Originally, it was argued that this could be done.If so, then we could set up a non-
interacting system with the same density (KS system)se the corresponding
action, etc. Unfortunately, no such functional exists for real physical time. There
is an action in “Keldysh pseudo-time” that gets the job done, sg (r,t) is the
functional derivative of something. See van Leeuwen referencded.
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Approximate Time-dependent XC Functionals

Because of the complexity of the density-potential mappindiGtory dependence),
construction of approximate functionals is much harder in TDDH than in DFT.
The most common approach is “adiabatic”:

OE

_ _ Cc,appro
Exc,approx - jdr n(r )uxc,approx [n(r )] = ch,approx (r ) - 5Xn(r) :

(r,t) = Vi soorox [N(r,1) ] adiabatic approximation

ch,approx

Of course, this approach completely loses the history depgence. The most
common version is “adiabatic LDA”. There has been other worlon approximate

functionals but with nowhere near the breadth nor succesas in the stationary state
case.
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Time-dependent XC Linear Response

At various points we have commented on the difficulty of gatig one-electron
energies in ground-state DFT. Since the Fourier transfornof a time is an energy
in QM, TDDFT provides an alternative route to address the poblem.

First a sketch of linear response. Suppose a system whitas its initial 1-rdm in a
basis and its unperturbed time evolution given by

PEIn=Y 7" = Q)% @

Wo(t) =expiEt ¥,
The linear response of the density matrix (in the basisl to an applied, time-

dependent potential is 0
OF (t) = dt’ . ., (t=t")ov t'
0 kz,z:j"” Ki < ) Ve 1o (1) Generalized

O_Vapp (t) = Z 5Vapp,ij (t) E’; (1)Ei (1) SUSCGptibility

Reminder: time-frequency Fourier transforms and theconvolution theorem:
f(w) =j°° dte™ f(t);  f(b) =ij°° dwe™ f (w)
e 21T~

st =[" dtt (t)g(t-t) = (@) = f(W)g(@)
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Time-dependent XC Linear Response (cont’d.)

Therefore, the frequency dependent linear response tife density matrix (in the
basis)P to an applied, time-dependent potential IS
(C()) Z)(u k¢ (0))5 app,k? (C())

Since this is for the density matrix, the result obviousl also holds for the spin
densities (sum over the basis: eliminates indices, rests spatial dependence)

on_(r,w) =Zjd KXo €1 )0V, (')

We require that the density response of the KS systebe the same as the physical
system. But the KS susceptibility is known, becauseis for an independent
particle system:

et ay=a, 800081 )_0)6 )0 16 )

w-(£,—&,)+i0" w+ (£, —€&,)—10"

aa

The orbltals and eigenvalues are the Unperturbed KS ones. Ottials “I” are

occupied, “a” are empty in the KS ground state.

Credit: K. Burke
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Time-dependent XC Linear Response (cont’d.)
The density response of the KS potential can be writtess

| agtja :{_Dz +V,[n, . 10t )} Dio

na(rvt) :ana |¢ja(r 1t)|21

t
V[na’nﬁ](r t) VNe(r) jd n(r r)l VXCKS[na’nﬁ:'( ’t)+vapp|( !t)

':VH(r’t)+ xc|: a! ,B:l(r ’t)+ ( 1t)
SV, (ro,t)+v a,t)):z_[d dt'f e t=t')on, ¢ 't)

oV, (rat)
on_,(r't"

Putting it all together - self-consistent integral equation for the physical response

St —t')

fHXC(rI’ t t)— fJJ(r’,t_t’): r fxcr( )

,Yw,(r,r',a)):/YSw,( l,, ’,C())'l' Z . d nd I"XSOUA!,(I,, " ,w)x
On08
{ 1 + f XC (r " r m C()) [ (_ m C())
r" —r m N ! ! /YO' o' !
7 Credit: K. Burke
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Time-dependent XC Linear Response (cont’'d.)

Remarks:

1.

2.
3.

The so-called “xc kernel”fX(r,r’, w) is simpler than v [n(r,t)] because the kernel
depends only on the ground-state density.
However, the kernel is non-locaboth spatially and temporally.
Setting the xc kernel to zero is equivalent to making the ralom phase
approximation,
In general the xc kernel is complex; its real and imaginary grts are related by
a Kramers-Kronig transfomation.
Burke, Werschnik, and GrosgJ. Chem. Phys, 123062206 (2005)list four “deadly
sins”, i.e. , serious problems for use of TDDF
(a) Errors in the underlying ground-state DFT calculation: if the KS
eigenvalues are in serious error, the TDDFT response funots will be do.
(b) Locality errors: use of one-point functionals forces localif on an
inherently two-point object f, .
(c) Forgetfulness errors: the adiabatic approximation inherenty mistreats
phenomena for which history (temporal trajectory) are importart
(d) Wavefunction errors: even the exact y.does not deliver the exact
wavefunction, only the KS wavefunction. The two are NOT equalent.
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TDDFT — Examples of two of the “Four Sins”

At Lect. IV-6, we discussed the error in the asymptotiéorm of the KS potential
that arises from LSDA and GGA. It falls off exponentially,not as 1/r. For

example, here it is for the He atom

For certain transitions in certain
systems, failure to remedy (or at
least patch) this incorrect
asymptotic behavior can lead to
very bad TDDFT results or even
total failure.

The adiabatic approximation for
V,. automatically removes the
possibility of treating double
excitations (because the history
of the system is lost at every
instant.

LA -
i
—_ f exact

0 ——

o

0 B
r

FIGG. 3: Exact and LDA K5 potentials for the He atom. While
the exact potential falls off as —1/r, the LDA decays much
too quickly. This 158 common for nearly all present functionals
and has major consequences for TDDFT.

Credit: K. Burke
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TDDFT Linear Response — Excitation Energies

Now go back to the expansion in a basis, using the unperturb&db orbitals [Casida,
Recent Advances in Density Functional Methods, ParD.P. Chong, ed(World Scientific, Singapore, 1995),

155-192]t0 get an expression for the excitation energies of the phyalsystem. The
result is a set of matrix equations

(& 26 IO

The X and Y matrices are the density matrices in the b&s The A and B matrices
are messy objects, the main component of which

Kino. oo (@) = [ drd '@, € )8, € ) T2 1, " )@ (s ()
After further manipulation, an eigenvalue equation for the frequencieswemerges

Qa=wra
Q — (A _B)1/2(A +B)1/2(A _B)1/2
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TDDFT vs. KS — Exact One-electron Excitations

_________ Comtmm o

For atomic He it is possible s -
to construct the exact KS | .
potential and the exact -
TDKS potential, hence Sl
compare the one electron il
eigenvalues of the former s |
with the predicted excitation aL
energies of the latter. L | m—
[arXiv:cond-mat/0703590 - N

20— e triplet

| Exact KS Exact TDDFT

FI5. 4: Transitions for the Helium atom using mn ground-state
DET on the left, and TDDFT on the rght. In both cases, the
exact functionals have been used. The results for employing
the exact XC kernel m TDDFT linear response are known
from calculations using Ref. [192]. In each pair of lines on
the right, the triplet 1= the lower.
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TDDFT Linear Response — Excitation Energies (cont’d)

Here are some adiabatic LDA results from Grabo et allJ. Molec. Struct. (Theochem) 501
353 (2000)] SPA= “single pole approx.” (a truncation of the matrix equatiors)
SMA="small matrix approx.” (a truncation involving a process i - j and its
converse).

Table 2

Excitation energies for Ny from an xel.DA-calenlation at & = 2.0744 au. The LDA was emploved for 17, and the ATDA for the xc kernels.

Awps denotes the KS orbital energy difference. All numbers in mHartrees

State Acogs SPA S Full® Full® Exp®
a "l'Ig 3oz — 1w, 014 34473 3416 3304 3344 3421
B El'I; 2810 2802 2801 2703 2055
a' '3, " L, — 1, 355.8 355.8 355.8 355.8 355.0 364.6
B SE-J_ 3558 3558 3558 3550 3554
A SEu+ 3016 2067 2067 28046 2845
W lﬁu 3783 3776 3776 3756 3774
WA, 3287 3276 3276 3245 3263
a' 15" 3o, — 4o 381.1 3853 3853 3853 - 4483
E°S,” 3700 3708 3798 - 441.0
o ll'Iu g, = lTrg 412.5 5213 5008 5008 - 2000
C M, 3840 3830 3837 3807 411.2
¢ I, L, — 4o, 4355 4354 4353 4353 - 474.1
3l'Iu 4348 4348 4340 - 4703

* Neglecting continuum states.
® Basis-set calculation including continuum states from Ref. [33].

* From Ref [43].
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TDDFT Linear Response — Excitation Energies and @ktor Strengths

TABLE IV: Performance of various density functionals for

the first six singlet excitation energies (in eV of naphthalene.

An ang-TZVF basiz set and the PBE/TZV P /RI ground-state

structure was used. The “best” estimates of the true excita- Naphthalene: C_I.O H8
tions were from experiment and calculations, as described n

tenck.

Method| 1 'Ba, 1'Ba, 2'4, 1'By, 2'Bs, 1'4,

Pure density functionals

LSDA | 4191 4.026 5951 4940 5.623 5392 TABLE VI Performance of various density functionals and
BPRE 4193 4.027 57T 4974 5.627 5.a37 correlated wavefunction methods for the cscillator strengths
PEE 41931  4.031 5753 4057 5622 5141 of the first three dipole-allowed transitions of naphthalene.

A ang-TZVP basis set and the PBE/TZVP/RI ground-state

BILYP | 4993 4989 H}gjég:}; 5499 E704 5311 structure was used for all except the CASPT2 results, which
" - - e «ere taken from Ref. [197].
PBE0D | 4474 4370 6205 5611 5880 5603 were taken from Ref. [197]
“best”. | 4.0 4.5 5.5 5.5 5.5 5.7 Method 1 ' Ba., 1 ' By, 2 ! Bs.,
L5DA 0.0000 0.0405 1.151%
BFP36 0.0000 0.0411 1.1552
PEE 0.0000 0.0407 1.1402
TABLE V: Performance of various wavefunction methods for B3LYP 0.0000 0.0539 1.2413
the excitations of Table . The anug-TEVF basis set and the FPRED 0.0000 0.0574 1.2719
PBE/TZVP/RI ground-state structure was used for all ex- LHF/LSDA 0.0000 0.0406 1.2089
cept the CASPT2 results, which were taken from Ref. [197]. LHF/PBE 0.0000 0.0403 1.2008
Experimental results are also from Ref. [197]. CI5 0.0002 0.0743 1.8908
cC2 0.0000 0.077: 1.4262
Method 1r1133%h 1419%? 2 1?3 1;;%11H zﬂi Bau 1 1.-_:’61"2 CASPT2 0.0004 0.0496 1.3365
cca | aame a7Es G.0os 838 G018 5736 expt. 0.002 0.102, 0.109 1.2, 1.3
CASPT2 4.03 4.56 5,40 5.53 .54 5.54
- ) _ v BB KEET EOR E G.H3.5.5E .
n:*.!:]:ﬂ:.. 3.97 ..r.'.l'. 4.45, 4.7 550, 5,52 528, 5.22 5 RO CC2: modified CCSD
best. 1 40 45 o o5 CASPT2: complete active space"@order PT
Some of these levels are hard to get by any method [arXiv:cond-mat/0703590]
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Some Commentary

» The fact that the Runge-Gross proof depends on the externpbtential having a
Taylor series in time with non-vanishing convergence radiusdihers me. It seems
inappropriately fussy compared to the elegance of the groundate HK theorems. It
also seems to be a requirement that is violated for the casemoving nuclei.

*The vanishing of the surface integral that is required to comlete step 2 of the
Runge-Gross proof has attracted a significant amount of discussi. My opinion is
that the issue has not been resolved satisfactorily, butWegpeople seem to worry
about it.

* The comparative lack of progress on TDDFT functionals and XC kerels is a sign
of how hard it is to develop thest

» Because the TD-KS problem is time propagation, not SCF, arliecause there are
response functions to evaluate, there are different demands basis sets.

* It is possible to write TD-KS in the form of propagation of he time-dependent
TDKS 1-rdm in a von Neumann equation. This is claimed to haveome technical
advantages.
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