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Time-dependent Schrödinger Equation and DFT

There is no easy, straightforward analogue to the stationary state variation 
principle that leads to the TDSE.   There is a stationary action principle, but in its 
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The time-dependent many-electron Schrödinger equation is

QTP

principle that leads to the TDSE.   There is a stationary action principle, but in its 
basic form, it turns out to lead to a logical contradiction for TDDFT.  The 
resolution of that requires sophisticated technique. Thus it is not easy to imagine 
proving time-dependent analogues to HK-I, -II by some version of Levy-Lieb
constrained search.  (Remark: there are time-dependent variation principles, but such 
formulations have not played a significant role in mainstream TDDFT.)



 ∂

• Instead of a constrained search, the Runge-Gross theorem [Phys. Rev. Lett. 52, 997 

(1984)] proves the bijective mapping vext(r , t) ↔↔↔↔ n (r , t)

• Compared to stationary state DFT, the proof of the Runge-Gross Theorem is 
dependent on rather detailed arguments.  Here, therefore, is a sketch.  As usual, 
one direction of the invertibility, from v to n, is obvious.

A.  Assume two external potentials that differ by more than a purely time-
dependent function

B. Assume that each external potential has a well-behaved Taylor series expansion 

Rudiments of  the Runge-Gross Theorem Proof 
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B. Assume that each external potential has a well-behaved Taylor series expansion 
in time

C. Assume that the initial state is specified with given initial density (here chosen to 
be a ground state).
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Rudiments of  the Runge-Gross Theorem Proof (cont’d.) 

• Part (1) of the proof – Demonstrate that the current densities corresponding to 
the two potentials differ

• Part (2) of the proof – Use the equation of continuity to relate the time-dependent 
currents to the time-dependent densities. 

1

0 0

(

(

( ) [ ( ) ( ) ]
2

, ) ( ) | ( ) | ( )

, ) , )(

N

j j

B

j j
j

A

i

t t t

t t t t

ψ

δ δ

ψ ψ
=

−= ∇ − + − ∇

= 〈 〉

> ≠ >

∑j r r r r r

j r j r

j r j r

ɵ

ɵ

( , )
· ( , ) ; A, B

n t
t

∂ = −∇ =r
j rℓ

ℓ

QTP

(Use the divergence theorem to show that a critical surface integral vanishes for all 
physically reasonable densities.)  Since the current densities differ, one can prove 
that the charge densities must also.  

• Therefore the Runge-Gross result: 
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Rudiments of  the Runge-Gross Theorem – Pictorial Representation
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Credit: R van Leeuwen

• Start at a known state, with a known density.  Two time-dependent potentials that 
differ by more than a pure function of time generate two different densities for all 
t > t0



Implications of  the Runge-Gross Theorem

[ ] 0( , ) ( , ) ;ext ext tnv t v t t= ≥r r

• The external potential is a rather different object from that found in the 
stationary state case.  It depends on both the history of the density and the initial 
state.  

• IF part of the knowledge of the history is that the initial state is known to be non-
degenerate, then by appeal to stationary state DFT, one can say that

[ ] 00( , ) ( , ;; )ext ext nv t v t t t= Ψ ≥r r

• By doing the Runge-Gross invertibility argument with explicit spin labels, one 
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Credit: K. Burke

• The Runge-Gross argument does not depend upon the presence or absence of the 
electron-electron Coulomb interaction, Vee .

• Therefore a time-dependent KS scheme seems feasible.

00( , ) ( , ) ;, ;ext ext nv t tnv t tα β  = Ψ ≥r r

• By doing the Runge-Gross invertibility argument with explicit spin labels, one 
can get a spin-polarized TDDFT with 



Time-dependent Kohn-Sham Equation
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• Because there is no universal functional in the R-G proof analogous with HK-II, 
we cannot go through a time-dependent analogue of the KS rearrangement.  
Instead, we assumenon-interacting v-representability for all times for the density 
and apply the R-G theorem to the non-interacting system.  The result is TD-KS:
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• vxc is defined to be the object needed to make these  equations work.  No 
independent information is provided about its properties or behavior,  In 
particular, introducing the K-S system on the basis of the invertible mapping 
provides no information about functional derivatives.  Specifically, one would like 
to know that  vxcKS is the functional derivative of a QM action.  The obvious answer 
to that is wrong; see below.
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Extended Runge-Gross Theorem

R. van Leeuwen[Phys. Rev. Lett. 82, 3863 (1999); Internat. J.  Mod. Phys. B 15, 1969 (2001)]has 
given an extension of the R-G theorem which can be summarized as follows.
• Consider two systems, A,B,  with differing two-body interactions and with 
differing external  potentials.
• Require that at t0 they have the same density and the same first derivative with 
respect to time of the density

• Then continuity arguments lead to a prescription for constructing all the time 
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• Then continuity arguments lead to a prescription for constructing all the time 
derivatives  of  the external potential of system B being identical with those of 
system A

• If system A is the physical system  and B is the Kohn-Sham system, then this 
procedure, at least in principle, is a constructive approach to the KS potential.



TD-KS Potential as Functional Derivative of Something
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• The obvious way to get to a functional analogous with the Levy-LiebF[n] in time-
independent DFT would be via what is called a quantum-mechanical action:

• Making this stationary with respect to variations in ψψψψ leads, under suitable 
conditions, to the time-dependent Schrödinger equation.
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• A straightforward generalization of the time-independent approach then would 
be to assume
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Originally, it was argued that this could be done.  If so, then we could set up a non-
interacting system with the same density (KS system),  use the corresponding 
action, etc.  Unfortunately, no such functional exists for real physical time.  There 
is an action in “Keldysh pseudo-time” that gets the job done, so vxc(r, t) is the 
functional derivative of something.  See van Leeuwen reference cited.  
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Approximate Time-dependent XC Functionals

Of course, this approach completely loses the history dependence.  The most 
common version is “adiabatic LDA”.   There has been other work on approximate 
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Because of the complexity of the density-potential mapping (history dependence), 
construction of approximate functionals is much harder in TDDFT than in DFT.
The most common approach is “adiabatic”:
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common version is “adiabatic LDA”.   There has been other work on approximate 
functionals but with nowhere near the breadth nor success as in the stationary state 
case.



Time-dependent XC Linear Response
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At various points we have commented on the difficulty of getting one-electron 
energies in ground-state DFT.  Since the Fourier transform of a time is an energy 
in QM, TDDFT provides an alternative route to address the problem.  

First a sketch of linear response.  Suppose a system which has its initial 1-rdm in a 
basis and its unperturbed time evolution given by 
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The linear response of the density matrix (in the basis) P to an applied, time-
dependent potential is
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Time-dependent XC Linear Response (cont’d.)

We require that the density response of the KS system be the same as the physical 
system.  But the KS susceptibility is known, because it is for an independent 

( , ) ( , , ) ( )appn d vσσ
σ

σδ ω χ ω δ ω′
′

′ ′ ′=∑∫r r r r r

Therefore, the frequency dependent  linear response of the density matrix (in the 
basis) P to an applied, time-dependent potential is

Since this is for the density matrix, the result obviously also holds for the spin 
densities (sum over the basis: eliminates indices, restores spatial dependence)
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system.  But the KS susceptibility is known, because it is for an independent 
particle system:

The orbitals and eigenvalues are the Unperturbed KS ones. Orbitals “i”  are 
occupied, “a” are empty in the KS ground state.
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Time-dependent XC Linear Response (cont’d.)
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Putting it all together →→→→ self-consistent integral equation for the physical response 
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Time-dependent XC Linear Response (cont’d.)

Remarks:
1. The so-called “xc kernel” fxc(r,r’, ωωωω) is simpler than vxc[n(r,t)] because the kernel 

depends only on the ground-state density.
2. However, the kernel is non-local bothspatially and temporally.
3. Setting the xc kernel to zero is equivalent to making the random phase 

approximation.
4. In general the xc kernel is complex; its real and imaginary parts are related by 

a Kramers-Kronig transfomation.
5. Burke, Werschnik, and Gross [J. Chem. Phys. 123, 062206 (2005)] list four “deadly 

sins”, i.e. , serious problems for use of TDDFT
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sins”, i.e. , serious problems for use of TDDFT
(a) Errors in the underlying ground-state DFT calculation: if the KS 

eigenvalues are in serious error, the TDDFT response functions will be do.
(b) Locality errors: use of one-point functionals forces locality on an 

inherently two-point object fxc
(c) Forgetfulness errors: the adiabatic approximation inherently mistreats 

phenomena for which history (temporal trajectory) are important
(d) Wavefunction errors: even the exact vxc does not deliver the exact 

wavefunction, only the KS wavefunction.  The two are NOT equivalent.



TDDFT – Examples of  two of the “Four Sins”

At Lect. IV-6, we discussed the error in the asymptotic form of the KS potential 
that arises from LSDA and GGA.  It falls off exponentially, not as 1/r.  For 
example, here it is for the He atom

For certain transitions in certain 
systems, failure to remedy (or at 
least patch) this incorrect 
asymptotic behavior can lead to 
very bad TDDFT results or even 
total failure.
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Credit: K. Burke

total failure.

The adiabatic approximation for 
vxc automatically removes the 
possibility of treating double 
excitations (because the history 
of the system is lost at every 
instant.



TDDFT Linear Response – Excitation Energies
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Now go back to the expansion in a basis, using the unperturbed KS orbitals [Casida, 
Recent Advances in Density Functional Methods, Part I, D.P. Chong, ed. (World Scientific, Singapore, 1995), 

155-192]to get an expression for the excitation energies of the physical system.  The 
result is a set of matrix equations 

The X and Y matrices are the density matrices in the basis.  The A and B matrices 
are messy objects, the main component of which is 
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After further manipulation, an eigenvalue equation for the frequencies ωωωω emerges
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TDDFT vs. KS – Exact  One-electron Excitations

For atomic He it is possible 
to construct the exact KS 
potential and the exact 
TDKS potential, hence 
compare the one electron 
eigenvalues of the former 
with the predicted excitation 
energies of the latter.
[arXiv:cond-mat/0703590]
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[arXiv:cond-mat/0703590]



TDDFT Linear Response – Excitation Energies (cont’d)

Here are some adiabatic LDA results from Grabo et al. [J. Molec. Struct. (Theochem) 501, 

353 (2000)].  SPA= “single pole approx.” (a truncation of the matrix equations)
SMA=“small matrix approx.” (a truncation involving a process i→→→→j and its 
converse).
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TDDFT Linear Response – Excitation Energies  and Oscillator Strengths

Naphthalene: C10 H8
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Some of these levels are hard to get by any method

CC2: modified CCSD
CASPT2: complete active space 2nd order PT

[arXiv:cond-mat/0703590]]]]



Some Commentary

• The fact that the Runge-Gross proof depends on the external potential having a 
Taylor series in time with non-vanishing convergence radius bothers me.  It seems 
inappropriately fussy compared to the elegance of the ground state HK theorems.  It 
also seems to be a requirement that is violated for the case of moving nuclei.
•The vanishing of the surface integral that is required to complete step 2 of the 
Runge-Gross proof has attracted a significant amount of discussion.  My opinion is 
that the issue has not been resolved satisfactorily, but few people seem to worry 
about it. 
• The comparative lack of progress on TDDFT functionals and XC kernels is a sign 
of how hard it is to develop these.
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of how hard it is to develop these.
• Because the TD-KS problem is time propagation, not SCF, and because there are 
response functions to evaluate, there are different demands on basis sets.
• It is possible to write TD-KS in the form of propagation of the time-dependent  
TDKS 1-rdm in a von Neumann equation.  This is claimed to have some technical 
advantages.  


