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KS Eigenvalues

Spectroscopy causes great interest in one-electron energid€ecause of
Koopmans’ theorem, these often are interpreted in terms dfiF eigenvalues.

« Until now we’ve paid almost no attention to the KS eigenvaluegxcept for
proving the Slater-Janak theorem (Lect. 11-13) oE,

ext =c.

on, :

« Even passing familiarity with Koopmans’ theorem should raisehie expectation
that interpretation of KS and HF eigenvalues differs. Koopmansheorem is as
follows. Suppose a neutral systeiN_=Z,,, Then the “unrelaxed” estimates of the
first ionization potential (energy to remove one electron) anelectron affinity
(energy to add one electron) are

= _ - _ _HF
|= Bot N =2, -1 ~ Btot N=2,,, = BFunre | = ~€HomO

" _ _ HF
A= Bt N=z, ~ Btot,N.=z,, +1 = DBunre A = ~€LUMO

HOMO = Highest Occupied Molecular Orbital
LUMO = Lowest Unoccupied Molecular Orbital

Koopmans’ theorem: integer change in electron number
Slater-Janak theorem: differential change in electron number
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KS Eigenvalues and the Bandgap Problem

 Here is a table of atomid values calculated from HOMO energies and total

energy differences (all in eV) 4dapted from SBT, Phys. Rev. Lett. 56881 (1986); HF values
from C. Froese Fischer,The Hartree-Fock method for Atonjs

Atom  _gLSDA  ApLSDA _HE Expt.
H 7.6 13.3 136  13.595
He 15.6 24.2 25.0 24.6
Li 3.4 5.7 5.3 5.4
N 6.5 12.3 154 1454
Ne 13.3 22.7 23.1 21.6
Na 3.3 5.6 5.0 5.14
P 6.5 10.7 10.7  10.55
Ar 10.6 16.1 161 1576
Cr 4.2 7.7 6.5 6.67

Notice that LSDA total energy differences

(i) are NOT approximated by the negative of the HOMO energy. This behavior is
consistent with the difference between Koopmans’ and SkatJanak theorems.

(ii) are reasonably good approximations td

This disparity between homo eigenvalues and total energy dififences is one
manifestation of the “bandgap problem”.
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KS Eigenvalues and the Bandgap Problem

» For insulating solids, the LSDA bandgap (i.e. from “bare” KS egenvalues) is

too small, by 30-50%. Jable adapted from M. Hybertsen and S. Louie, Adv. Qantum Chem. 21
155 (1990) and SBT, Green, and Averill, Phys. ReB. 8, 4822 (1973)]

Element gé-SDA géEXPT
C (dia.) 3.9 5.48
Si 0.52 1.17
Ar 8.4 14.29

Ge <0 0.744
LiCl 6.0 9.4

* As shown withGe above, sometimes the bare K ne

eigenvalues even give a vanishing bandgap in a system

known to be an insulator. Here- .

are the LSDA bands for FeO, which

has an experimental gap of 2.4 eV

[E. Engel, Chap. 2A Primer in Density Functional Theory,Fig. 2.2]

Yet, the very same LSDA calculations typically give a .

good account of structure and reasonable cohesive :\
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KS Eigenvalues and the Bandgap Problem

» Bad news — the problem also shows up in GGAs, with essiatlly the same
magnitudes, just differences in detail.

 Remark — This presentation is not in historical order. Bythe time GGAs were
introduced, the causes of the band gap problem were webiqglored and
reasonably well-understood.
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KS Eigenvalues — the lonization Potential Theorem

» Theorem: For the exact E_functional, the KS HOMO eigenvalue is exactly the
negative of the ionization potential. f1. Levy, J.P. Perdew, and V. Sahni, Phys. Rev. A 38745
(1984)]|Here is a somewhat “hand-waving” demonstration of the physics dhe

argument. 5
* From the KS construction (Lect. II-3) B, = U

on OE
But i enforces the particle numbeN,. So, we can prove 4 = —= &, = —|

(not proved here) N,

But, the Slater-Janak theorem says that the least energy ok, _ £

cost to change electron number is the HOMO eigenvalue 0noyo oMo

Therefore, &,5u0 = —|

= Since this is a theorem about thexact E_ and neither LSDA nor GGAs behave
in keeping with the theorem, the obvious conclusion is #t there is something
wrong with the approximate functionals.

= But that may not be the whole story because a bandgap is notsju :
E, =1 —A
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Self-interaction Error: the H Atom

Recall Lect. 1lI-4. Here’s the only line of the tableof LSDA results needed:

Atom S Ts[n] Eee[N] E.n] E[n] Eior [N]
H -26.8 13.2 8.4 -7.2 -0.6 -13.0

And here are the relevant equations
E,, [n]=Ts[n] + E.[n]+ Ec[n, .0+ Eei[n]

T[n|=-%|d 02
<[] %I 1 ()00 () In atomic H, the electron has a
Eee[n] :ljdrldzw P Coulomb seltrepulsion:

2 ro =1y completely spurious

E,, = [drv, (r)n€ ) nt)=n¢)=|ent( )

In atomic H, E,. must cancel that self-repulsion (“self-interaction”) exactly
But it is a one-electron system, sB =0 and therefore  E [n,,0]=-E,[n]

As the table shows clearly, the LSDA does not achieve tlaancellation by 1.2 eV.
Even adding the also spurious_does not achieve cancellation by 0.6 eV.
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Self-interaction Error

* The fact that the LSDA energy difference4E-SPA are reasonable approximations
for the ionization potentials (slide 3) while the eigenvaluesre not, suggests that the
energy differences benefit from error-cancellation by sutsaction.

» Such cancellation behavior also is consistent with self-int@ction error: spurious
repulsion pushes the orbital eigenvalues up, whereas takingd#ference removes
the total energy error approximately:

AELDA = ELSDA _ ELDA _ E + JLDA —(E N +5§S,|.i|A)

Vext ,N-1 Vext N Vext N-1 S,N-1
O = o
* The physics of the second equation is that most of the fsilteraction
comes from the highly localized states, i.e. core stateg)ich have relatively
little relaxation upon ionization.
» A version of the cancellation argument is consistent with LIBA and GGA

atomization energies and cohesive energies being too large in mdgde
(systems are too bound):

LDA _ LSDA _ LSDA LSDA _ LSDA
Ecohesive - ot -aggregate Z ot »AIOM - E\/ext ,aggregate + 9 ,aggregate Z (E\/ext ,atom + 58! ,atom)
atoms atoms
LSDA LSDA LSDA
58! ,aggregate < Z 58! ,atom - Ecohesive > Ecohesive

atom

) FLORIDA

QTP



Negative lon Problem

 Electron affinities by E'SPAin LSDA and GGA do not come out well and, in some
cases, the negative ions don’t converge at all. How bad is {hh®blem?

« Consider F.
-In central field, this should be a Ne configuration 152 2pb

- For v, spa » the mostnegative configuration achievable with an

all-numerical code is 152< 2p>7©
[N. Rosch and SBT, J. Chem. Phys. 108940 (1997).

-This is a clear sign of self-repulsion and/or a potential thalecays too fast
(hence, cannot support difftuse bound states).

* So how is it that some workers get good values Affrom simple functionals?
(1) J.M. Galbraith and H.F. Schaefer Ill, J. Chem. fhys. 105 862 (1996)
(2) J.P. Perdew et al. , Phys. Rev. B 46671 (1992).

v Answer (1): a finite basis compels unbound, non-normalizablerbitals to be
normalizable!

v Answer (2): the input density was HF, which is selfrteraction free!
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Negative lon Problem - Insights

* In addition to self-interaction, another contributor to the difficulty is that

LSDA and GGA potentials have the wrong asymptotic behavior. T difficulty

IS easiest to see in LSDA X for a single atom. At large théice from the atom, the
true density decay is hydrogen-like:

n(r)~exp(—23’zl M)

= o)== 2] 1(0) (2] el - (21911 ]

T T
* The true density decay given above is a consequence of #isgmptotic behavior
of the correct physical potential. For that potential, BOTHthe Coulomb and
X contributions go asymptotically as Vx (FS)~ =1/r, vo~1/r

(Hint: think about E , in atomic H again — it is just a self-interaction carection,
so it must be coulombic, hence its functional derative must look coulombic. )

» Deduction — the LSDA and GGA densities must decay too fast his over-
localization can only worsen the self-interaction error.
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Derivative Discontinuity

 “But walit, there’s more!” (in the language of TV ads).

* Think about DFT, not Spin-DFT. (After all, the HK theorems guarantee
that the ground state can be parameterized by the densiglone. )
-Consider H,* as the bond lengthR grows arbitrarily large.

At eachR the system has a single Fermi level.
Thus, for LDA, GGA, MGGA, and other XC functionals that are
not explicitly orbital-dependent, the large R limit is Y2an electron
centered on each nucleus, not H plusH
- Now consider a heteronuclear diatomicab, again ask grows
arbitrarily large
By a similar argument, the large R limit isa* + b, not the proper
neutral aand b atoms.
* What is going on?
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Derivative Discontinuity (cont'd.)

sFrom Lect. 1I-15, systems with non-integer electron numbeare well-defined

in DFT by a two-state ensemble. Suppose fixet],, and electron number =N + S,

with N=2Z,, and0< < 1. Then the lowest energy for the two systems and the
corresponding densities are linear combinations of the grounstate energies and
densities for the integer electron number systems:

Ey.;=Q-B)E ¢+ BE .o 0s6=<1
Ey,s =(1-B)E, o+ BEy 10 0sB=1
Ny,+5(N) =A=B)Ny o€ )+ BNy .10( )
Ny,-5(N) =@A=6)ny o€ )+ LN 1€ )

*Therefore, the chemical potentials are

_ aE _ aENe+,3 _ _ . .
Hy ip = = =By 0~ ENe|0 = —A\,e, 0<f<1 pisDISCONTINUOUS
oN op at integer electron
0E aENe_ﬂ number!
s =gn =" ap = Eno Bncio= Tl 0spst

) FLORIDA

QTP



Derivative Discontinuity (cont'd.)

Here is a vivid illustration of the difference between exdcdiscontinuous
behavior and the continuous (inexact) behavior of most functionals

The system is the carbon atom|p. Mori-Sanchez, A.J. Cohen, and W. Yang, J. Chem.
Phys._ 125 201102 (2006)]
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FIG. 1. The difference in enzrgy of C with fractional
numbers of electrons from the C atom, caleulated in an
unrestricted formalism using an ang-cc-pVTZ basis set
with several different functionals (a) post-HF and (b)
self-consistent.
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Derivative Discontinuity (cont'd.)

* If now we keep in mind the definition of the exchange-cosalation potential,
the minimization result JE,

3n Hy,

(where the subscript onu is added just to make the electron number
dependence explicit), and the fact of the integer discantiity, then

OE

5r>]<° Ne+,3:VXC’Ne(r)+CNe; O0<f<1
OE

5r>]<c Ne_ﬁ:VXC,Ne(r); OS,BS].

*Thus the band gap in terms of KS eigenvalues is in the forof a
Koopmans’ differenceplus a derivative discontinuity correction.

g, =€ " +C,

g LUMO ,Ng HOMO ,Ng
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Derivative Discontinuity and the Doppelgénger Probie

* The quantitative problem is to ascertain — or at least estimate how much
of the band gap error in bare KS eigenvalues is due to the deative
discontinuity and how much to omitted self-interaction eror correction.

— ~KS KS
E, =& —& +Cy +Cye

g LUMO ,Ng HOMO ,Ng
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Derivative Discontinuity — Back to the Stretched Doenic Molecule

» S0 how does this resolve the two remote atoms dilemma (sliti®? Again,
consider the neutralab molecule, stretched arbitrarily. Now shift d\,, of
charge fromato b. The resulting energy change is

AE = 11, (=0N,) + 440N, = —1_(=0N,)=AJSN, = (I, —A)SN, >0

The last inequality is an experimental fact. The largesthown A = 3.62 eV
(Chlorine) is smaller than the smallest knowrnd = 3.89 eV (Cesium).

So far as | know it has never been proved (e.g. as part of te&bility of
Coulombic matter).

In any event, the result is that the energy minimum isit integer electron
numbers.

Notice that LSDA, GGA do not have a derivative discontinuity ad there-
fore, the foregoing argument fails (naively, it giveAE = 0), so the system
can optimize to non-integer electron number on each center.
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Editorial -The Systematic Improvement Issue

An oft-heard complaint, especially from “ab initio” qguantum chemists, but
also from formal many-body physicists, is that “DFT lacks a\sstematic means
of improving the approximations used.”

The complaint is accurate only in a limited sense. It isue that DFT lacks a
mechanical recipdor adding complexity to the approximations. In this sense,
it is unlike many-body perturbation theory or the coupled<¢luster method or
configuration interaction.

But, adding complexity does not necessarily improve accuracy! €hsuccess ¢
MBPT-2 compared to higher-order many-body perturbation theoryis a clear
example.

What is true in DFT is that there are many theorems, lintis, bounds, etc. that
can and should be enforced on approximations. The proces@wever, requires
thought and ingenuity. It is not mechanical.
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